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Abstract 
The phytoplankton production is a basis for a life activity of all species in every aquatic ecological system. 
Remote sounding methods make it possible to estimate chlorophyll concentration on the ocean surface. The data from 
remote sounding methods and the data of a nutrient concentration enable us to calculate and model the phytoplankton 
abundance. These calculations provide a possibility for the description of the phytoplankton production processes.  
We present here some models for the dynamics of the phytoplankton biomass. The qualitative properties of the 
solutions of these models are investigated. Strategically activities of the cell are defined by its internal state and by 
the environmental conditions. The state of the cell depends on nutrients. Our mathematical models describe the 
abundance dynamics for phytoplankton’s community and dynamics of the cellular nutrients content. The models are 
based on the systems of differential equations. These models may be open or closed relative to the matter. The open 
models describe the chemostat processes. We investigate the property of the solutions of these models. The closed 
models have a infinite set of the positive solutions. The open models have a finite set of the non-negative solutions. 
The algorithm for finding the stable equilibrium solutions in open models is constructed. The theorems about the 
stable equilibrium solutions are proved with help the methods of structural analysis. These models describe the 
phytoplankton dynamics in the Black Sea. 
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1. Introduction 
Every aquatic ecosystem has a phytoplankton community as a main component. The models for the 
dynamics of the phytoplankton biomass are presented in this paper. The qualitative properties of the 
solutions of these models are investigated.   
Strategically activities of the cell are defined by its internal state and by the environmental conditions. 
The state of the cell depends on nutrients. Ours mathematical models describe the abundance dynamics of 
phytoplankton’s community and dynamics of the cellular nutrients content. The models are based on the 
systems of differential equations. These models are open with respect to substances. They describe the 
processes in open natural systems.  
The open models have a finite set of the non-negative solutions. The algorithm for finding the stable 
equilibrium solutions in open models is constructed. The theorems about stable the equilibrium solutions 
are proved with help the methods of structure’s analysis.  
The phytoplankton dynamics in Black Sea is described by these models. 
2. Model description 
The regulation of phytoplankton growth is carried out on two levels: 
 uptake rate of j-th nutrient by i-th species depends on the concentration Cj of this nutrient according to 
Michaelis-Menten equation [1]     
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 specific growth rate of i-th species depends on j-th nutrient content Qij according to Droop’s equation 
[2] 
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The parameter υij is specific uptake rate (day-1) [3];  μij  is specific growth rate (day-1); Kij  is a half 
saturation constant for uptake (g/m3); Qij is a nutrient content in biomass (g/g wet weight); qij =qijmin  and  
qijmax  are minimal and maximal quotas of the nutrient in organism (g/g wet weight). If we consider the 
upper mixed layer being a relatively isolated system from the lower layer by seasonal thermocline, we 
may produce the following equation system for species biomass concentration Ni and for nutrient 
concentration Cj (g/m3):  
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The sea water with the inflow nutrient concentration Cj0 exchanges with flow rate D. This model is 
analogous to the model describing the populations of algae in chemostat [4]. The model has a finite set of 
steady-state solutions. A set of plankton species with nonzero concentration is interesting in steady-state 
solution. We name these species as dominating species. A number of the dominating species is not greater 
than number of the limiting nutrients, i.e. in our case – not more than two. Inflow nutrient concentration is 
an important factor which influences on the set of dominating species. We modify them first of all and 
obtain various steady-state solutions as asymptotic approximation from any initial states. Flow rate D is 
one more important factor. In the model we can find by formula limits for flow rate when certain species 
may be washed out. These solutions are realized in the course of computer experiments. 
3. Model research 
Solutions of the model (4) are investigated in [5]. The model (4) has a finite set of the equilibrium non-
negative solutions. These solutions have number n or less the quantity of  the positive components. We 
have results about stability of these equilibrium solutions.  
We suppose than the functions μij, υij  are defined on sets of the non-negative values of the arguments. 
The functions μij are strictly increasing, the functions υij  are strictly increasing on Cj  and strictly 
decreasing on Qij. We denote (N*, Q*, C*) the equilibrium solution for model (4).   
The functions  
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are defined from equilibrium conditions (10). We define functions  
 
                                                                                                                    (6)  
 
and matrix 
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by formulas  
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We denote total mass   
 
                                                                                                                            (9) 
  
for substance j.                                                                 
Proposition. Non-negative steady-state solution of model (4) has the following properties.  
1. Common mass Mj of the substance j in equilibrium is M*j =Cj0. The steady-state solution 
satisfies the equations: 
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2. For each  i exists j with condition when steady-state solution is stable.          
 
3. The inequalities hold  for some i and each j  with equality 
 
          for some j when inequality N*i >0 holds.            
 
The algorithm to find of the steady-state stability solutions is based on this proposition.  
4. Data and computer experiments 
 Russian inland seas are characterized by an absolute instability of their ecosystems. The changeability 
becomes apparent on all trophic levels and mainly on phytoplankton.  
We made an attempt to describe the dynamics of main dominating species of phytoplankton of the 
North-Eastern Black Sea during spring-summer period. We chose 4 species which are observed in leading 
complexes for the last 10 years [6]. Coccolithophores Emiliania huxleyi almost always was dominating  
in spring and in the beginning of summer. Diatoms Pseudo-nitzschia pseudodelicatissima, Proboscia 
alata and Chaetoceros curvisetus characterize the phytoplankton biomass during this period in different 
years. 
For these algae the parameters of the model were estimated in experiments with continuous culture 
(Table 1). For some parameters this estimations were precise, and for the other the assessment had mostly 
an experimental nature. 
 Table 1. Values of the model’s parameters 
Coefficie
nts 
  Species 
Emiliani
a 
huxleyi 
Pseudonitzschia 
pseudodelicatissim
a 
Probosci
a 
alata 
Chaetocer
os 
curvisetus 
Qpmax/qp   30 50.0 70.0 40.0 
QNmax/qN   4.5 4.0 8.0 3.0 
µmax  NO3 day-1 1.92 2.70 1.44 3.75 
µmax  PO4 day-1 1.55 1.84 1.22 2.56 
K  NO3 g/m3 0.0014 0.01 0.02 0.01 
vm  NO3 g N/(day·g wet biomass) 0.00053 0.00108 0.00168 0.00100 
K  PO4 g/m3 0.03600 0.01600 0.02700 0.03000 
vm  PO4 g/(day·g wet  biomass)   0.00450 0.01800 0.01680 0.02000 
qN g N/g wet biomass 0.00150 0.00300 0.00300 0.00300 
qP g P/g wet biomass 0.00010 0.00020 0.00020 0.00020 
 
In the experiments with the model we changed the inflow nitrogen (NO3 ) and phosphorus (PO4 ) 
concentration, flow rate and initial nutrient concentration.   
ijj CC 
*
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Fig.1. The mass dynamics of coccolithophore Emiliania huxleyi  and that of Pseudonitzschia pseudodelicatissima, Proboscia alata, 
Chaetoceros curvisetus  diatom algae, when the rate of flow is D=0.1 day-1, the initial concentration of nitrogen being  0.024 g/m3 
and phosphorus being 0.0009 g/m3 with the change of latter according to the sinusoidal law for modelling of periodic wind-wave 
mixing (period is one week). The initial biomasses of E. huxleyi and P. pseudodelicatissima are 0.2 g/m3, P. alata and C. curvisetus 
– 0.001g/m3.  
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Numerical experiments with the model (4) gave the following results. 
1. When nitrogen concentration is low (less than 0.002 g/m3) and low rates of exchange (less than 
0.2 day-1) coccolithophores win the competition.  We observed such a picture in spring and in the 
beginning of summer 2004-2006.  
2. Increase of nitrogen concentration results in appearance of P. pseudodelicatissima in dominating 
complex. This species is present in leading complex of phytoplankton community in late 
summer and autumn period. 
3. Increase of nitrogen and phosphorus concentration gives a chance for C. curvisetus to be leading 
species, and then the leadership passes to coccolithophores. Such a structure of community was 
observed on shelf in May-June, 2007. 
4. Recurrent (one, two during two weeks) wind-wave mixing results in a complex successional 
structure of phytoplankton:  Coccolithophores is in the lead at the first stage; P. alata and  P. 
pseudodelicatissima are leading later (Fig. 1). We observed such a succession in spring and 
summer, 2009. 
5. Conclusion 
The hydrological regime as well as the hydrological structure of water mass are subjected to the 
influence of climatic factors. Hence we can calculate a possible structure of phytoplanktonic community 
under different trends of climate change. In this case mathematical models turn out to be a necessary 
instrument. 
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